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ABSTRACT An analysis is presented for the evaluation of velocity components and
shear-stress distributions of fluid in zonal centrifuge rotors during acceleration.
Analytical expressions for the distribution of tangential and radial velocity com-
ponents and the tangential shear-stress and the radial shear-stress distributions of
fluid are obtained for the transient case. Characteristics of each distribution for a
typical density gradient liquid in a zonal centrifuge rotor are computed from the
relations derived, and are presented as figures. An unusual phenomenon-the tan-
gential velocity of the gradient exceeding the velocity of the rotor during a par-
ticular period of acceleration-is demonstrated.
INTRODUCTION
Zonal centrifuges have been developed for the mass separation of subcellular par-
ticles and viruses on the basis of either sedimentation rate or buoyant density (1-8).
They have been made with various numbers of septa and have been used to isolate
major subcellular components, viruses (4, 5, 9, 10), ribosomal RNA (11), and serum
macroglobulins. For a micromolecular separation, very high speed rotors are fa-
vored; for obtaining a high resolution and for large-particle separation, low speed
rotors are required. From a mechanical design point of view, a rotor without septa
is preferred for high speed operations. For large-particle separation, movement of
whole cells into septa may occur. Therefore, it would be of interest to separate large
particles in a reorienting gradient rotor without septa. Thus, both very low and very
high speed rotors may require use of reorienting gradient rotors. Previous studies
and current literature on the rotors do not provide us with information needed to
predict optimal configurations and conditions of rotor operations. Here, a simple
zonal centrifuge rotor without septa was studied. In the subsequent studies, the
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effect of different numbers of septa and internal rotor configuration on resolution,
especially after reorientation, etc. will be investigated. The objective of the present
study was the quantitative evaluation of velocity components and shear-stress dis-
tributions of fluid in zonal centrifuge rotor operations. An adequate knowledge of
various velocity components of fluid in zonal centrifuge rotors will permit the ra-
tional selection of centrifuge conditions for mass separation of new biomaterials.
Knowledge of shear-stress distributions of fluid in the rotors will guide the control
of rotor acceleration to prevent damage to biomaterials being separated.
FORMULATION OF PROBLEM
We consider a cylinder of radius R filled with a fluid whose density increases linearly
with distance r from the axis. The cylinder is to rotate about its own axis at an angu-
lar velocity a. When the cylinder is rotating at a steady state, the fluid in the cylinder
moves as the elements of rigid body (12). Thus, the tangential velocity component,
VO, is OR, the radial velocity component, Vr, is zero, and there is no shear stress
existing within the fluid. Shear stress will arise only during the acceleration or de-
celeration periods. The equations of motion governing the transient behavior of the
fluid in a cylindrical container (centrifuge rotor) rotating about its own axis can be
formulated as follows, using cylindrical coordinates for convenience. As the rotor's
angular velocity increases from Qi to Of, the radial and axial velocity components of
fluid, V, and V. will be smaller by orders of magnitude than the tangential velocity
component, V. of fluid. Thus, the motion of fluid can be adequately represented by
the tangential component velocity alone. This is given by (reference 12):
oiv. a Flai
+,Er) r - (rVr)J (1)
The initial and boundary conditions for the case are:
V0(0, r) = 0 (2a)
Ve(t, R) = AOR( - e-at) (2b)
V.(t, 0) = 0 (2c)
where A& is the change of rotor's angular velocity expressed by the quantity (f-
Qi) and a is the time constant in an equation describing the control of the rotor's
acceleration or deceleration.
SOLUTION OF EQUATION
Equations 1 and 2 can be rewritten with reduced independent variables. These are
aVe = 1 O_Ve V 02 + [-aVe V. 02v](lf- ~~~~~ + t ~~(3)Or~~~ ~2 a~ LOJ I
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V4(0, r) = 0 (4a)
Vo('r, 1) = AQR[1 - e-(a/PO)7] (4b)
Ve(r, 0) = 0 (4c)
where
t R = X, and a = aR2 (5a, b,c,d)
Equation 3 is to be solved by the method of separation of variables. If it is assumed
that
VO= T(r)Z(O) (6)
one will obtain the following two ordinary differential equations from equation 3:
dT=-b2T (7)dr
(l+ )Z + (+ Xt) dZ (l+Xt- / (8(I + xr) d + z =D ( 2 (8)
in which b2 is a constant or constants (eigenvalues). Equation 7 can be easily inte-
grated to give the solution
T =B-b2 (9)
The quantity B is a constant. Equation 8 is solved by the method of Frobenius (13).
If one assumes that the solution can be expressed as a power series,
w
z EAr=+j (10)j-O
then, substituting equation 10 into equation 8, one obtains the following conditions
in order to satisfy the equation
AO(m2- 1) = 0 (lla)
Al[(m + 1)2 - 1] + AoX(m2- 1) = 0 (llb)
Aj+2[(m + j + 2)2- I] + A+lX[(m+ j + 1)2 ]-Ajb2 =O (llc)
Inspection of equation 1 la shows that the indicial equation is
m = I, (12)
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then, from equations 1 lb and 12, one obtains
A1 = 0. (13)
With m = 1 and equation 1lc as a recurrence equation, the coefficients, Ai, in
equation 10 can be expressed in terms of A0o. These are
A2 = Ao (14a)32 - 1
A3= - b2X A0 (14b)42 - 1
A4 =5 1(32 1+ 2)o (14c)
A6 = 62-1 (42b +32
_
1+ X2)Ao (14d)
6 2 1 42-_ I 32_ I 43
b82- [6b4 _1+3 +X2 2 +b b +X 2)
A8=72b1[52b 1(32b 1 +X2)+(42b 1 32 1+X2)X2]Ao (14e)
96=2 I 5{2 1 3 2 1 (3 42I132Ao 11e
-b2X [b2 2 b+ +X2 +b2 b2_ 2A7 = 821 L2 1\2~ 1
-T
+)2+(21 +3214 3 2X]} Ao 1h
+ 2=- I 32 + ) Ao (14f)
b21(bA2Fb b\2 blbc2A8 = I I i +92
-l\V72 - 1L522-l\32- /\42 -l 32 - l
+x2)x]+[62bf(42b-1I+ 3- X+ 52)-+b(3
+)i(42bI1+ 32b ~I Xx)x2]2}Ao. (14h)
With m =I- and equation 1Iic as a recurrence equation, one obtains the coeffi-
cients, Aj as follows:
Ao = Ai = 0; A2 5x 0 (the lowest coefficient) (15)
A3 = 0 (15a)
A2
A4
=321 (15b)
b2,A5 = 42-1A2 (15c)
BIOPHYSICAL JOURNAL VOLUME 8 1968976
A6 = 12_ 1(32_1 +X 2 (15d)
By inspecting equation llb, one also has the following results in order to satisfy
equation 10:
Ao =0 (16)
A1 0; Al[(m + 1)2-1] = 0. (16a)
Then, the indicial equation is
m = 0 or -2. (17)
If m = 0, using equation 1 lc as a recurrence equation, one gets
A2 = 0 (18a)
A3 =32 lAl (18b)32 -I
A4
-4= A1 (18c)42 - 1
A= 2 b(32k 1 +X)A (18d)52 -.. 1 3
If m = -2, with equation llc as a recurrence equation, one has
Ao=Al =A2=0; A3$0 (19)
A4 = 0 (19a)
b,2
A5 = 32 - A1 (9b)
A6 - b2X A3 (19c)42
1,2 /12
A7 =521 32 _ 1 + A3 (19d)
It might seem, therefore, that we have obtained four independent solutions, which
is, of course, impossible. Closer inspection shows that all four solutions are identi-
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cal, so Ao = A2 = A1 = As for all four solutions. Thus, the solution for Z = f(r)
is:
6 b2 (b2 1 +232 1
272-1 [52 _ (32 _ 21+ 3)+ (42 _.1 32
|+X2)X2] 6t-82 b 1 [62b 1 (42b 1+3b +X)
+92 l{7I I [2 1(32XI 1r+)+(426 l+32_ 1
+ 2)x] + [62 b2I 1 + 32 1 b+ )
2_ 2_ _ _ _ b2 _ _ b22
+ 2 132l)42.1l32-1 x)X]x}¢.
-* *2* (20)
or
Z'= A b 22 b2x ) + (20a)
in which
A2 j32A+3 -Aj+) 1 (20b)
The series representation of Z becomes divergent after the fourth term. Thus, in
order to have a finite value of Z, the series has to be terminated after some finite
number of terms. At some finite]j, there must exist the eigenvalues
62 A-42[(- + 4)2 - 1] (21)
such that the series will have a finite value. From equation 21 the first few eigen-
values are evaluated and are as follows:
b2 -8.00002
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b? = -5.2174 2
b22 = -4.2857 X2
b32 = -3.8182 X2
b42 = -3.5368X2
br2 = - 3.3488 X2
be = - 3.2143 X2
(22)
With these eigenvalues, the Z-equation, after simplification, becomes:
Z = A.~Fl X2kr2 + 0.5333 x I- 0.1160 X44 + 0.0142 X r 1
L -0o11 x6r6 + 0.00006X7r7 - 0.00003X8r8 + . . . (23)
Then, with equation 9, the tangential component velocity, Ve, becomes:
Ve = A e¢[boIT - (X22 - 0.5333 X3 r3)e-bIT - o 1160 X4 4e-b2IT 1
+ 0.0142 X5r5e-b32 _ 0.0011 X66e b42T + 0.00006 X77e b2r
-0.00003 X8r8e--b2 + - 1 (24)
The constant A in equation 24 is determined from the boundary condition, equation
4b. The tangential component velocity, Ve , becomes:
Ve = AUR(1 - e-(a/vo)r) r
1 -(1 - 0.5333 Xr) .X2X2e-2.7826X2T _ 0. 1 160 X33e-37143XkT
+ 0.0142 X5r5e-4.1818X2I _- 0.001 x66e4.432X2r
+ 0.00006 7 7e7-4. 6512X2r 083X8r8e-4.7857X2T
1- 1- 0.5333X )X2e-2.7826X2T - 0.1160 X4eC3.7143X2- -1
+ 0.0142 X5eq -8182_ 0.001 X6e4.632X2T
+ 0.00006 X7e-46512X2r - 0.00003 8e.7857X27 (25)
The radial component velocity, Vr , is related to the tangential component velocity,
Ve , by the sedimentation coefficient, s, in such a manner that
s dr/dt Vr (26a)
v Vr2 s. (26b)
r
T'herefore, an expression for the radial component velocity is obtained.
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SHEAR-STRESS DISTRIBUTIONS
The shear-stress distributions, T7O(r) and trr(r), the tangential shear-stress, and the
radial shear-stress distributions, now may be obtained from the velocity distribu-
tions. The tangential shear-stress distribution, Tr,(r) is given as (reference 12);
TrO=TO - [rO- =- R ( + r (
or r R a~-.~
(27)
After differentiation, the reduced tangential shear-stress distribution may be ex-
pressed as follows:
TrO= ( 1 + o)(l -
(2 X2 - 1.5999 . r3)e -27826A2T + 0.4640 4 e-3.7143X2r
- 0.0710 X5 5e-4.1818X2r + 0.0066 X6 6e-4.4632X2Tr
0.00042 .7 e*4.6512X2Ar + 0.00024 x88e-4.7857X27
r[ - ( - 0.5333 X) e 2.7828X27 _ 0 1160 4e-3.7143X2r -1
+ 0.0142 .5e-41818A 7 - 0.0011 Xs6e-4.4632X2.r
+ 0.00006 X7e 6512T
-
0.00003 X8e-4.7857A2T .
+ .. (28)
In a similar manner, the radial shear-stress distribution, Trr(r) may be obtained. It
1.2
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FIGURE 1 Tangential component velocity distributions in the rotor with a 1, ro = 0.1,
and x = 1.45.
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is given by (reference 12):
r
- (2 lar
= - 2-(I+ Si)*2 I9 ,r
cl[r \ r /J
2 sAo( 1 + 6B) a (VO2/). (29)
Finally, the reduced radial shear-stress distribution is:
2.0-
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0^4
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a 1.4- II' 0.1
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FiGuRE 2 Tangential component velocity distributions in the rotor witha= 20, '= 0.1,
andX = 1.45.
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2___ = (1 + )(1 - e (ao))22AQ20A s
1 - (3 - 2.1332 Xr) )X2ee2.7826X2r - 0.5800 X4r4e-3.7143r
+ 0.0852 X85e-*0.01818Ar 0077 86r6e4.463727
+ 0.00048 X77e 4.6512X2-r 000O27X<88e-4.7857X2r
1 -(1 - 0.5333 X¢) X2r2e-27826XST - 0.1160 X4r4e-87l43X21r
+ 0.0142 X55e -41818A2r _ 0.0011 X6r6e-4.4632\2r
+ 0.0006 X7 ee 465l22r 0.00003 X8 8e-4.7857X2r
L + ... I
1 - (1 - 0.5333 X)X,2e -7826A2r - 0 1160 X4e-3.7143l2Tr -2
+ 0.0142 X5e4.1818X2r _ 0.001 1 X6e-4.4632\2,r
+ 0.0006 X7e- .6512\2r _ 0.00003X8e-4.7857X2r
0
+ *-
0 (30)
REDUCED TIME (r)
FIGURE 3 Variation of tangential component velocity distributions with time constants.
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The biomaterials, or the macromolecules, are suspended in the gradient solution.
Under the centrifugal force field, the motion of those macromolecules may be reason-
ably approximated by the motion of the part of the gradient through which they are
sedimenting. Therefore, the shear stresses the macromolecules will receive during
the rotation of the rotor are similar to those experienced by the part of the gradient
solution through which they are sedimenting. Hence, we can treat the shear-stress
distributions of fluid as the shear stresses macromolecules will experience during the
rotation of zonal rotors.
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FIGuRE 4 Variation of tangential component velocity distributions with the reference
kinematic'\riscosity at the axis of the rotor.
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PROPERTIES OF SOLUTIONS
A FORTRAN program for an IBM 360 series digital computer was written to calcu-
late velocities and shear stresses from equations 25, 28, and 3 to permit evaluation of
the characteristics of the mathematical results obtained. The parametric values, X =
1.45 and a = 1.66 were used in the calculations, since these values apply to a sucrose
gradient solution with concentration varying from 10 to 30% across the rotor. The
results were plotted in graphical forms as a function of reduced time.
Figs. 1 and 2 present the reduced local tangential velocity distributions in the rotor
as a function of reduced time with the reference kinematic viscosity at the axis of
14
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FIGuR. 5 Tangential shear-stress distributions in the rotor with a =20,1'v 0.1, X =1.45,
and a = 1.66.
the rotor, 'O = 0.1, and the reduced time constant expressing the control of the
rotor's acceleration, a = 1 and 20, respectively. Fig. 3 shows the reduced tangential
velocities of the rotor at the wall and of the gradient at 60% of the radial distance
from the axis to the wall as functions of reduced time with vo = 0.1 and values of the
reduced time constant varying from 0.1 to 100. These results demonstrate the effect
of the reduced time constant on the tangential velocity distributions. Fig. 4 illus-
trates the effect of variation of the kinematic viscosity on the tangential velocity dis-
tributions for vo varying from 0.01 to 0.1.
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A rather unusual phenomenon was observed in these results. The local tangential
velocity of the gradient solution exceeds the velocity of the rotor during a particular
period of acceleration. The degree of excess for the velocity in the gradient increases
with increasing time constant and decreases with increasing kinematic viscosity. This
phenomenon may be explained as follows: the rate of acceleration of the rotor is
governed by the rate controlling expression, equation 2b. The rate of acceleration in-
creases rather slowly during the starting period, gradually increases to a maximum,
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(t=0.6)
a=20
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I t- 0.2)
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FiouRE 6 Variation of tangential shear-stress distributions with the reference kinematic
viscosity at the axis of the rotor.
then diminishes, and finally approaches zero at a steady state. The motion in the
gradient is induced by the momentum transfer from the rotor wall to the axis through
the gradient. While the rotor is accelerated by the controlling expression, the gradi-
ent is accelerated by the energy transferred from the rotor wall. In the gradient, the
viscosity decreases linearly with distance from the wall toward the axis. When the
rotor reaches its maximum acceleration, its energy transfers to a position of the
H. W. Hsu Velocities and Shear Stresses
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gradient where the friction due to the local viscosity is much less than the frictional
loss resulting from the momentum transfer to that location, and a much greater
rate of acceleration is induced in the gradient. Thus, the velocity at that location
exceeds the velocity of the rotor. When the gradient acquires this maximum mo-
mentum due to the maximum rate of acceleration of the rotor and induces the maxi-
mum velocity, the rotor itself is already accelerating at a much slower rate. Thus,
following the rate-controlling expression of the rotor, the maximum velocity in the
gradient diminishes quickly and approaches its stable, steady-state velocity (¢.
22r
/ ' /Q= 100 ( =1.0)
20- a50( 1.0)
~18 I 5=1.66
< X| l A=1.45
i16 I
U) ~ I
UIl a= 20 (t=1.0)
~14 I
ct12- | a= lO0 (V=0.6)
ui 1O- A , a= 50 (t;=0.6)
ui 8- |. / a= 20(g=0.6)
(I6I6 I
I2_ ,i\ , I
2 -,
REDUCED TIME (r)
FIGURE 7 Variation of tangential shear-stress distributions with time constants.
The tangential shear-stress distributions are presented in Figs. 5-7. Fig. 5 shows
the tangential shear-stress distributions in the gradient for the case where a = 20
and vo = 0.1. Fig. 6 demonstrates the effect of vo on the tangential shear-stress dis-
tributions when a = 20. Fig. 7 illustrates the effect of az on the tangential shear-
stress distributions for vo = 0.1. The tangential shear stress increases with increasing
a and decreases with increasing vo .
Figs. 8 and 9 show the variation of radial shear-stress distributions with time. For
the case where a = 20 and vo = 0.1, the radial shear-stress distributions in the
gradient are shown in Fig. 8. Fig. 9 demonstrates the effects of az and Po on the radial
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REDUCED TIME (r)
FIGURE 8 Radial shear-stress distributions in the rotor with a = 20, wo = 0.1, X = 1.45,
and a = 1.66.
shear-stress distributions. During a certain period of acceleration, radial shear stress
within the gradient reverses direction. This suggests a turbulence or mixing motion
during acceleration period which disappears as a steady state is approached.
DISCUSSION
These results are based on three approximations: (a) that the rotor (cylinder) is so
long that there is no end effect in the axial direction, (b) that the radial and the axial
velocity components are so small compared with the tangential velocity component
that they are negligible during the acceleration, and (c) that the sedimentation coeffi-
cient is a constant. These approximations are considered reasonable, therefore per-
mitting with relative ease the development of analytical solution. Without these
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FIGURE 9 Variation of radial shear-stress distributionls with time constants and the refer-
ence kinematic viscosity at the axis of the rotor.
simplifications, one must solve simultaneously the three-coupled time-dependent
Navier-Stokes equations in cylindrical coordinates by numerical methods of ques-
tionable accuracy and stability.
The estimates provided by the analysis of velocity components and shear-stress
distributions during acceleration serve as a guide for controlling the acceleration of
the rotor to its maximum speed to prevent damage to biomaterial being separated.
They also can guide control of the deceleration of the rotor to a full stop, particu-
larly for a reorienting gradient rotor, to assure that the separated biomaterial does
not remix during the deceleration period.
An excess tangential velocity component of the gradient in the rotor with the dyed
beads of various densities suspended in the gradient solution during the acceleration
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period can be observed with the naked eye. We are in the process of recording this
phenomenon by using an accurate instrumentation technique. In the subsequent
investigations, the effect of different numbers of septa and internal rotor configura-
tions on resolution and isodensity reorienting gradient rotors, etc. will be considered.
NOMENCLATURE
a time constant
A constant
Ai coefficients of power series
b2 characteristic constant(s) (eigenvalues)
B constant
m characteristic values in the indicial equation
r radius variable
R radius of rotor
s sedimentation coefficient
t time variable
T function of time variable
Vr radial component velocity
Vo tangential component velocity
Z function of radius variable
a constant defined in equation 5d
p density
,u dynamic viscosity
v kinematic viscosity v = ,u/p
T reduced time r = vot/R2
reduced radius r = r/R
angular velocity
shear-stress tensor
e characteristic constant for kinematic viscosity variation
X characteristic constant for kinematic viscosity variation in rotor, X =ER
a characteristic constant for dynamic viscosity variation in rotor
Subscripts
0 quantity evaluated at reference condition
1, 2, 3,... indices of the coefficient
r radius direction
O angular direction
i summation index
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